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Closed Expressions for Lie Algebra Invariants and
Finite Transformations
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A simple procedure to obtain complete, closed expressions for Lie algebra
invariants is presented. The invariants are ultimately polynomials in the group
parameters. The construction of finite group elements requires the use of
projectors, whose coefficients are invariant polynomials. The detailed general
forms of these projectors are given. Closed expressions for finite Lorentz
transformations, both homogeneous and inhomogeneous, as well as for Galilei
transformations, are found as examples.

1. INTRODUCTION

Our objective here is twofold: first, to describe a general method to
obtain in a simple way complete expressions for the elements of general Lie
groups; second, to present a treatment leading to complete, closed expressions
for the Lie algebra invariants of matrix groups. In these times of increasing
algebraic computing resources, it is always interesting to have such formulas
as inputs for applications. Besides their obvious interest by themselves, the
detailed forms of the invariants serve as a powerful checking control in the
rather messy calculations leading to the expressions for finite transformations.
These expressions, of course, are of interest by themselves. Even if particular
cases (such as a rotation around the fixed axis Oz or a boost in the x—¢
plane for the Lorentz group) are enough for most purposes, only the general
expressions show the complete interplay between the different components
at work in a transformation. The procedure to get at them provide, furthermore,
good illustrations for the results on the invariants. The two things help each
other, and are better presented together.
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The transformation parameters (rotation angles, boost rapidities, transla-
tions in time and space) are the components of the generic member of the
Lie algebra written in a matrix basis formed by the generators. A finite
transformation is a group element, the exponential of the algebra member.
General expressions for group elements can in principle be obtained by simple
order-by-order exponentiation, but for large matrices the identification of the
successive powers can become very difficult. However, if we use the well-
known definition of function of a matrix, only a few powers are necessary
even in the general case.

The closed expressions for the Lie algebra invariants, scalar and opera-
torial, are presented in Section 2. Though not quite necessary to arrive at the
final exponentials for the group elements, they are interesting for checking
purposes and become more and more useful as the matrix dimensions grow.
The treatment involving the characteristic polynomial and symmetric func-
tions of its roots sheds light on many aspects of the question. In the later
sections we illustrate the approach with the general expressions for Lorentz
and Poincaré transformations. The method is particularly simple when all
the roots (the matrix eigenvalues) are simple. The presence of multiple roots,
as is the case for the Galilei group, requires a special treatment.

In Section 3 we present the general method for obtaining the group
elements. We called it the “Z-method,” since it uses the “eigenprojectors”
Z; = INY\;l of a finite matrix A with eigenvalues {\;}.

In Section 4 we present an example of invariants which are very
important in gauge theories: the closed differential forms describing the
characteristic classes of fiber bundles on even-dimensional differentiable
manifolds.

The general expression for a homogeneous Lorentz transformation is
obtained in Section 5, and that for an inhomogeneous transformation in
Section 6. For these examples we can use a simple version of the Z-method,
which supposes all the eigenvalues to be distinct. The generic member of
the Lie algebra of the Galilei group has a multiple eigenvalue, so that the
procedure would not work. In Section 7 we show, however, how to obtain
it from a more general theory.

The Appendix presents some resuits on symmetric functions which are
largely used in Sections 2 and 4.

2. LIE ALGEBRA INVARIANTS

We start by recalling some well-known definitions. The characteristic
polynomial (in the complex variable \) of a matrix A is the determinant
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A(N) = det[]N — A] Q.1
The roots of A(X), solutions of the secular equation
AN =A—-AN)A=AMA=-N)....— A =0 2.2)

constitute the spectrum of A, the set SpA = {\j, Ay, A3, .. ., Ay} of complex
numbers for which the resolvent, or characteristic matrix [AJ-A], is not
invertible.

We are interested in matrices A belonging to a Lie algebra. Clearly the
trace of A is an invariant under the similarity transformation A’ = g ! Ag,
as tr(g™! Ag) = tr(gg™! A) = tr A. The trace of any power of A will be
invariant, as

tr A" = tr(g "'Agg 'Agg 'Ag . .. g7 'Ag) = tr(g T'A%g) = tr A*

The characteristic polynomial is an invariant because, once written in the
canonical form

N
AN = AN ¢;[A] (2.3)
=0

J

each coefficient ¢,[A] is an invariant. These coefficients are invariant because
they can be written in terms of powers of the above traces of powers of A.
In order to see it, we need their detailed form, which involves Bell polynomi-
als. Let us recall briefly what such polynomials are.

Given a formal series of the form g(f) = =2, (g;/j!)#, the corresponding
Bell polynomials are defined by

1 |d”
Bu(81, 82> - -+ ni+1) = X {CF [g(t)]k}:=o 2.4
They are multivariable polynomials in the Taylor coefficients g;. Their detailed
expression is rather involved (Comtet, 1974), but they appear in the multinom-
ial theorem,

k
| Y - P - "
- (2 —: t’) = Z]{;Bnk(gh 82 s Bnk+1) (2.5)

which provides the easiest way to obtain most of their properties. We use
the alternative notations B,[g] = Bu(g1, 82 - - - &u-k+1) = Bulg ), the
expression inside the latter bracket being the typical argument. By convention
we put Bj, = 8. The matrices B[g] = (B,,[g]) have many important properties
(Aldrovandi and Monte Lima, 1980, 1983), but we shall only state those of
interest to our particular case. A property of consequence in what follows is

n—k+1

B,(ag,, 0282, ey a 8n-k+1) = Bnk{ajgj} =a nk{gj} (2.6)
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for a constant a. It comes from a simple change of variable ¢ — at in the
multinomial theorem. In particular, when a is only a sign, a = —1,

Bul(=Yg} = (~)Bulg;) | @7
Texts on combinatorics in general call the summation
1 N
N1 2 Bunlg] @38)
the “complete Bell polynomial” of g(x). We shall obtain the Lie algebra

invariants precisely as complete Bell polynomials. The relation of the charac-
teristic polynomial to the invariants is contained in the general formula

NoZINV
det[M + zA] = D, f Y B {(—) 'k — D! r(AhH}  (2.9)
Jj=0 . m=0

which is obtained by using

(-).j_‘l xj
J
in the formal identity det[\] + zA] = exp[tr{1n[A] + zA]}] and then

expanding. From this formula we recognize the coefficients of the characteris-
tic polynomial (2.3) as

ma+n=§
i=1

— ("l)j L k—1 k
¢;[A] = T 20 Bin{(=)"'(k — 1)! (A"} (2.10)

These complete Bell polynomials contain only powers of traces of powers
of A and are clearly invariant. A particularly beautiful relation comes out
when we put A = 0,z = 1 in (2.9):

N
detA = 1\_1/" 2 Bun{ (=) 1k — 1)! tr(A %)) (2.11)
* m=0

In the present case, this states the well-known fact that the zeroth-order
coefficient of the characteristic polynomial of A is just the determinant of A.
Take now for the matrix a generic member

A=wl, (2.12)

of a Lie algebra of a Lie group with generators J,, a = 1,2, ..., N. The
o” are the transformation parameters. A group element will be of the form
g = exp[A]. The group acts on A by the adjoint N X N representation, that
is, by similarity transformations: A — A’ = g7! Ag. As the characteristic
polynomial does not change under these transformations, it is an example of
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an invariant polynomial on a Lie algebra. Summing up, A(\) is a polynomial
in the variable N whose coefficients are functions @{w) = @;[A] of the
parameters, which are themselves Bell polynomials in the traces of powers
of A. The rank of the Lie algebra is the number of coefficients ¢ (w) which
are functionally independent, that is, the rank of the matrix (3¢;/d,). Some
examples of these invariant polynomials are

@olw) = 1
pi(w) = —trA

@) = 3 [~tr A2 + (r A

1 1
P3(w) = —-é— tr A3 + 2 (tr A)(tr A%) — 3 (tr A)?

— _1 4 _1_ 3 _1_ 232 l 2 2
P4(®) 4trA + 3(trA)(trA ) + 8(trA ) 4(trA) (trA?
1 4
+%mm
epw) = (—)Vdet A 2.13)

These relations lead to the introduction of multilinear objects which are
invariant symmetric tensors, such as

WO =L m® =ty G =~ U — 6 )

M = =3 (U = 5 (@ L) Ty ) + 2 60 ) )
The general expression is

oran = S 3 Bunl (I = D Uy L)) (214)

ajay...an A
m=

These tensors provide invariant objects by contraction,
T = T4 @, ., (2.15)

and the invariant Casimir operators in the enveloping algebra:
cm = ’,]g:)azman.]al‘]az ces JOn (2.16)
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The best known of these tensors is the Killing form <y, It is usually
defined, for the case in which tr J, = O for all the generators, as vy, =
—1/2 trJ,J, and leads to the Casimir operator vy,,J%J®. It plays a fundamental
role in the classification of Lie groups (Goldberg, 1962). For semisimple
groups, <y, is a metric (that is, a symmetric nondegenerate bilinear form),
the Killing—Cartan metric. This form will be of definite sign for compact
groups, nondefinite for noncompact groups, and degenerate for nonsemisim-
ple groups.

Of course, a function of invariants is also an invariant, and it is sometimes
convenient to choose another set. Those given above are, however, because
of their simple origin, the basic ones. The results may seem rather trivial
when a diagonalized matrix is considered, but formulas (2.13) are independent
of matrix basis. Some deep consequences can be found, related to the detailed
algebraic structure of the Lie algebra. For example, a semisimple algebra is
the direct product of simple subalgebras and its characteristic polynomial is
always of the form A(N) = II; A\), where the A, are the characteristic
polynomials of the simple subalgebras.

Orthogonal or pseudo-orthogonal groups are usually introduced as
groups of real transformations which preserve a real bilinear nonsingular
form m. If g is a group element, this means that g™ng = v, where g7 is the
transposed matrix. If g = exp[A], with A a member of the group Lie algebra,
then this implies A” = —mAmn~! and the traces of the odd powers of A vanish.
Actually, the odd coefficients in the characteristic polynomial (that is, the
odd-order invariants) vanish. The argument is the following. Take z = — 1
in (2.9),

& (YN Y _
det]\M — A] = 20 e 20 B, {(—) 'tk — D! tr(AD} (2.17)
= ! =
The determinant for the transposed matrix must be the same: det[]\[—A] =
det{]A\—-AT]. As AT = — mAm~ !, a sign factor (—)* appears in the arguments
of the Bell polynomials:

Bjn{ ()= D! tr[(ATY1} = B[ (—) (=)' (k—1)! (A )}
= (=Y Bin{ ()1 (k—1)! (A9}
by (2.7). Consequently, we have also
N s Nei
det[M — A} = éj—,i i Bin{ (=) 'k — D! (45}
=0 J: m=0

Comparison with (2.17) shows that the coefficients must vanish for odd
values of j: ¢5,.1(w) = 0. The invariants of (2.13) reduce to simpler forms, like
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1
Q@ =1  @w) =0  @o)= ) rA%  @3(w) =0

Pa(w) = —‘—11 trA* + é—(trA D (2.18)

For unitary groups written in terms of Hermitian generators, AT = A¥*, the
only conclusion is that the invariants are real, p(w)* = ¢{w). The extra
condition det{g = exp [iA]] = 1 for special unitary groups leads, of course,
to trA = 0.

The rank of the Lie algebra being the number of independent invariants,
the higher the rank, the more multilinear forms there will be. The Lorentz
and the Poincaré groups are of rank 2 and have bilinear and quadrilinear
forms. Another rank 2 case is the group SU(3) of special unitary 3 X3 matrices,
which has a bilinear and a trilinear invariant. Let us use this group to illustrate
some of the above results. In terms of parameters @ = {oy, k=1,2, ...,
8}, and using the Gell-Mann basis {T,} for the algebra (Lee, 1981), the group
element is

gla] = explioT,/2] (2.19)
The generic algebra element will be
o3 + 3-”2(!8 [ S iaz oy = i(!5
W= aka = oy + i(!2 -y + 3—”2(!8 Og — i(!7 (220)
oy + ios o + oy —2 X 3712q,

With the notation ap = o; + iaz, 05 = 0y + ias, Og7 = 0 + ia7, Qg =
a; + 3-12 Olg and (!*38 = Q3 — 3~z Og, WE obtain

2 2 2 % 12, % % % %
loal® + lagsl® + (asg)®  adsoer + 2 X 37" ajhoy Q07 T 050z
* —1n2 2 2 *12 * _ %
W2 = | ags087 + 2 X 37Pap08 laph + lagl® + (ad) Q205 — Ogr0ig
* . _ 2 2 2
oL20te7 + 04503y Q205 — Olg70t3g logst® + tagyl® + 4ag/3

(2.21)

As tr W = 0, we expect the characteristic polynomial A(\) = N, + N,
+ )\(Pz + @3 to have ©o = 1, ¢ = 0, Py = “‘(1/2) trW2, Q3 = —det W =
— (1/3) tW?3. We find indeed from (2.20) that the polynomial has the form

AN = N> + Ay + @3 = A — %tr W2 — det W (2.22)

a result which can also be obtained by taking in (2.3) the coefficients (2.13).
Applying the secular equation to the matrix, W3 — 1/2 W rtW? — I det W
= 0, and taking the trace, we find immediately that tW3 = 3 det W, a
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particular example of (2.11). We can, of course, obtain W* directly and check.
It will be simpler in our case to use W* = —(Ip; + We,). The first invariant
is that related to the Cartan metric on the 8-dimensional SU(3) manifold,

8
g = —-ttW2 = —; o =~y (2.23)

N | =

with y; = 8; chosen conventionally as positive and Einstein summation
notation adopted in the last expression. The corresponding Casimir invariant
is the operator C®® = —Z% , T?. The other invariant is not so simple, as it
relates to a trilinear form m; defined through

1 & 8
@3 = -1 uW? = - a; o504 t(TT;Ty) = — Miji0L; O Ot
3 3/ Q=1
(2.24)
corresponding to the Casimir C® = — 38, nuTI,T;T,. The components

My« can be picked up from the explicit expression of det W,

;0L 0L Oy
= 2(0,040 + 0050 — 0Oy + ajasay) + ozad + azal — azal

— 0303 + 3722(a} + a3 + af) — af — o — af — o — 2a}/3]ag

(2.25)

3. FUNCTIONS OF MATRICES AND THE Z-METHOD

Let us begin by saying a few words on functions of matrices in general
(Gantmacher, 1990). Suppose a complex function F(\) is given which can
be expanded as a power series F(X) = Z7_g cA — Ao)* on some convergence
disk IN — Ayl < r. Then the function F(A), now with the matrix A in the
argument, is defined as the matrix F(A) = 27, ci(A — \o)* and is meaningful
whenever the eigenvalues of A lie within the convergence circle. In particular,
the exponential is always well defined.

Given an N X N matrix A of eigenvalues A;, A, ..., Ay, the set of
eigenprojectors {ZfA] = NN} constitutes a basis, in which A is written as

z

7

A= 3 NZlA] 3.
1
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Then the function F(A) can be equivalently defined as the matrix
N
F) = 3 FOZA] (3.2)
=
In particular, we shall be looking for

N
et = Y eNZ[A] (3.3)
=1

J

The Z; have remarkable properties. Besides being projectors (that is,
idempotents, Z} = Z;), they can be normalized so that tr(Z) = 1 for each j
(for a general idempotent Z, trZ = rank Z is the dimension of the subspace
into which it projects). They are then orthogonal by the trace, tr(Z;Z) = 3.
The necessary results tr[F(A)] = ZX, F(\), t[A*Z] = (\)k, etc., follow
immediately. If A is a normal matrix diagonalized by a matrix U, UAU ! =
Agiagonar» the entries of Z, are (Z,),, = U3'U,, (fixed “k”). Finding U is
equivalent to finding the projectors. For an N X N matrix, a limited number
of powers is enough to determine the basis {Z[A]}: writing (3.2) for the
power functions F(A) = A® =1, A, A%, ..., AV"! we have

N N N
I=37; A=3NZy A*=3INZ;...
j=1 j=1 j=1
N N
Ak= Y NzZ;...; AVI=Y Nz (3.4
j=1 j=1

For k = N, the A* are no longer independent. Inversion of the above expres-
sions leads to the closed forms

Z[A]
(A = M)A = M)A = M)A = Np)..(A = Mo )(A = M)

B (}\j - )\1)()\,' - )\2)---()\; - )\j—l)()\j - )\j+l)--~()\j - )\N—l)()\j vy
(3.5)

This is, of course, a polynomial in A, with coefficients dependent on the
eigenvalues. Here all the eigenvalues must be distinct. Equation (3.2) becomes

A -\
F@) =X 111 :

i | k# )‘j - N

FO\) 3.6)

This expression is equivalent to an elegant equation, stating the vanishing
of a formal determinant:
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FA) F(\) F(\) FQ\y) ... FQ\W)

1 1 1 1 1

A ) VRS VAR VR W

A N N N .. N

A N N N . AT
AUV T T

Thus, in order to obtain

eN

2 - A

j k#j A- - )\k

it is necessary to find (i) the eigenvalues of A and (ii) the detailed form of
the first (N — 1) powers of A. What we have done is to start from a basis
{A*} for the functions of A, and go to the projector basis. Actually, any set
of independent polynomials in A could be used as the starting basis. Their
use can be necessary to avoid the above determinant vanishing identically.
Thus, once we know the projectors, we can use them as the basis polynomials
in A and the above determinant becomes

F(A) F\) F\) ... FQ\)

Z\[A] 1 0 0

Z,[A] 0 1 0 [=0 (3.8)
ZdA] 0 0 .. 1

which is clearly the same as (3.2).

To obtain the closed expressions of the projectors in terms of powers
of A and the invariants, we need some results on symmetric functions, of
which a brief account is given in the Appendix. The expression (3.5) is
actually the ratio of two generating functions of the so-called elementary
symmetric functions of the “alphabet” {\;, A3, A, - . ., Ay} with one missing
letter. The detailed calculation is also shown in the Appendix and gives each
projector (3.5) in terms of the invariants (2.13):

k

N 2:,) M~ ‘PN—j[A]

=

ZA] = 20 T A* (3.9)
2 2 Mow-lA]

n=

M::

1l

Jj=0
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The reader may have qualms about the case where some root Ay = 0.
The good rule is to perform first the computation of the projectors with the
symbols A, without putting in the values, and then multiply numerator and
denominator by det A = II, A. This procedure will dispose of any problem
with eventual vanishing eigenvalues. The closed expressions (3.9) are more
useful for larger matrices. For small ones they can, however, be used to check
the results obtained by direct computation. We have found them very useful
while checking the calculations presented below with the Mathematica™
software system.

When the matrix A is a member of a Lie algebra, we have a curious
problem, touching Galois theory. As we saw in Section 2, the coeffi-
cients of the characteristic polynomial of a matrix A are written in terms
of invariant polynomials and the roots \; Suppose we are able to solve
the characteristic polynomial. This means that we can write the \; in
terms of the polynomial coefficients, that is, of the invariants. In this
case, the coefficient of each A* in (3.9) is an invariant. Notice, however,
our basic assumption: we should be able to solve the polynomial. Fortu-
nately, this will be the case for the Lie algebras of groups of physical
interest examined in the following. This is not the case in general for
N=5.

In plain sight expressions like (3.5) become undefined when two or
more eigenvalues coincide. This formulation works only for nondegenerate
matrices. The method will consequently only apply for Lie algebras whose
generic elements have no degenerate eigenvalues. This happens for the
SU(3), Lorentz, and Poincaré cases, but not for the Galilei generic algebra
element.

The general expressions in the presence of degenerate eigenvalues
are rather involved. We shall only present a mnemonic rule, referring the
more interested reader to a complete reference (Gantmacher, 1990). For
that it is better to look back at (3.7). Suppose that the eigenvalues are
degenerate: that n; of the roots are equal to A;, n, of the roots are
A, +1 and so on. The determinant becomes, of course, identically null,
and the equation gives no real information. We have to correct it. The
rule is then the following: (i) the first column remains as it is; (ii) the
second, headed by F(\,), also; (iii) the next (n; — 1) columns are replaced
by the successive derivatives of order 1, 2, ..., (n; — 1) of F(A)); (iv)
then comes the column headed by F(A, +1); (v) the next (n, ~ 1) col-
umns are the derivatives of that column, up to that headed by
Firu+m=D(), 11); and so on for all the columns. Notice that we first derive
the formal expressions and only after put in the exact values of the roots.
The general aspect of the formal determinantal equation becomes
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F(A) F\)  F'O\) ... F@7DO\) FOW) ..o FOO0) ... FQ\) ... F=Y(0\)
I 1 1 1 1 .. 1 e 1L 1
A\ 1 ] ) R 0 N W
A? A} 2\, Ao e N2
A N k)Vs N v A2
=0
ANV N (V- DAY L
(3.10)

We shall illustrate it later with the Galilei group. Also here it may happen
that, for a certain choice of the monomials in the first column, the determinant
vanishes identically. In this case, we must replace the monomials by another
collection (eventually of polynomials), in order to have a nontrivial equation.

4. CHARACTERISTIC CLASSES

Perhaps the most beautiful examples of the invariants described above
are the differential forms describing the characteristic classes of fiber bundles
on even-dimensional differentiable manifolds (Kobayashi and Nomizu, 1963).
These eminently mathematical objects are of great interest in gauge theories
and have received a lot of attention from physicists (Eguchi et al., 1980;
Zumino, 1985). We shall only consider briefly their formal aspects, and
confine ourselves to Chern classes. There are actually two interrelated kinds
of classes going under Chern’s name: the Chern classes proper and the
Chern characters (Nakahara, 1990). We shall find easily the closed, complete
expressions of their interrelations. Consider the complex linear group GL(N,
C) of all invertible N X N matrices with complex entries and let A be an
element of its Lie algebra G'L(N, C). To conform to current mathematical
notation it is enough to take formula (2.9) with z = i/(27), so that now the
invariant polynomial functions are

k
. 1 k
elA] = (—;;) I m}jo Bim{ (=) 7(r — D! tr(A")} .0

Given a complex vector bundle E over a manifold M with typical fiber C¥
and associated to a principal bundle P, the kth Chern class ¢, (E) will be
characterized by a closed differential form ¢, of degree 2k on M. This form
is that (unique) form whose pullback is @ (F), where F = dI' + T AT is
the curvature of a connection I' on P. After they are found, the cohomology
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classes represented by the ¢, are shown to be independent of I' and, conse-
quently, related to the more basic, topological features of the bundle. If w:
P — M is the bundle projection and 7* the corresponding pullback, then

2k k

() = elF) = m 20 Bin{(=)"!(r — DY t[(FY1} = ouliF/2m]
4.2)

the symmetric function of the alphabet whose letters are the eigenvalues of
the matrix (iF/2mw). Then,

cE) = 1

c(E) = ﬁ tF
o) = 55 (F? = (WP

(E) = 1'r [:1; trF3 + = (trF)(trF ) —— (trF)3]

N
cE) = (1’1‘) det F “4.3)

Notice that here N is the fiber dimension. These relations are simple adapta-
tions of (2.13). For orthogonal groups, the first invariants reduce to the simpler
forms of (2.18),

coE)=1, c(B)=0; cE) == trF c(E) =0

1

F* +

c(E) = (rF2% ... 4.4

128w*

Handling matrices of forms in general requires some attention, because
the noncommutativity of forms is added to that of matrices. Here only 2-
forms appear, which are commutative. Of course, the higher order classes
are of limited physical interest, as products of forms vanish when the resulting
degree surpasses the space dimension. On 4-dimensional spacetime, only
invariant polynomials up to ¢, are nonvanishing.
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The Chern total character is defined as

. = N
- RE ke § 21
ch(E) = tr(exp[ o F]) 2 G trF k}‘,o o SLiF2m] - (4.5)
where the s, are the power-symmetric functions defined in Appendix A, with
the additional conventions s..z[iF/2w] =0 and sg[iF/2w] = N. The
summand

ch(E) = ——— rF* = —T sliF2w] (4.6)

k
Q@myk!

is the kth Chern character. The relations between classes and characters are,
for j, k = 0, mere reflections of (A.6) and (A.7):

j
o) =5 3 Bul(-)F 'k ~ D! Kt ch(E)) @1
l)k—l '
k! chy(E) = E( YU — D! By{r! c(E)) (4.8)

- D2

Our concern here is simply to exhibit these closed expressions for the relation-
ships. We have only considered the complex linear groups. The interested
reader will find in the quoted references details on Pontryagin classes g(F)
= (—)*fu(F), Euler classes, etc.

The relations (4.3) are, as said, simple adaptations of (2.13) and lead
to the introduction of multilinear objects like (2.14), which are invariant
tensors and allow us to obtain more general invariants. The usual Lagrangian
density for gauge fields, for example, is the invariant trFF = ~y,, F2F?, where
Ya» is the Killing form and F is the dual of F in Minkowski space. The
corresponding Chern class, c,(E), would be a “topological Lagrangian den-
sity.” Current gauge theories use groups for which trF = 0, so that only the
term in trF'? appears in the Lagrangian. A gauge theory for the linear group
GL(4, R), for example, could have (Aldrovandi and Stedile, 1984) an extra
term in (trF)(trF).

We now apply the Z-method to some cases of special importance. We
shall, as a rule, use anti-Hermitian generators in what follows.

5. LORENTZ TRANSFORMATIONS

The Lorentz generators can be taken as the 4 X 4 matrices J,g with
entries (Jop)ys = MayMps — MayMas» With o, B, v, 8 = 0, 1, 2, 3 and where
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n = diag(l,—1,—1,—1) is the Lorentz metric, responsible for the lowering
and raising of indices in all the formulas below. They will satisfy

[JOIB’ JB] = nﬂ“l]"la + .naSJBV - nBSJav — now_]ﬁﬁ 5.1

A general algebra element will be
A= %way“ﬁ 5.2)

The double-index notation (with Einstein convention) we are adopting avoids
the use of too large matrices and the numerical factor accounts for double-
counting. The parameters g Will be the rotation group angles w = (w;, w,,
03), with o; = €;w* and (with = v/c, B = IB!) the imaginary angles o
= {;, actually the boost rapidities collected in the vector { = ({;, L, {3) =
f tanh~'[B] = v/Ivl tanh~'[Iv/cI]. The algebra element becomes

0 — ;1 _CZ - §3
_gl 0 —(1)3 wz

A= _gz 3 0 1 (5.3)

()] —®
__€3 _wz wl 0

We shall use also the notations ® = |lwl and { = I€|. Notice that our matrix
row and column indices run from 0 to 3. We find immediately detA = [@-{]%.
The characteristic polynomial,

det]\I — A] = A* + [0? — PIN? — [0-]? 54

shows that the two basic invariants are ¢, = w? — {* and ¢, = [®w-{]% For
practical reasons we shall in what follows use

iz =03  fi=wg (5.5

By the Cayley—Hamilton theorem, (5.4) says that A* is not independent:
A* = [ — 0?] A? + [@-L]% Consequently, all the higher powers of A are
written in terms of I, A, A?, and A3. As trA = trA3 = 0, we find from
(2.17) that

detQ\I — A) = \* —\%2! trA? + 1/4! {3(trA%)? — 3! trA%}
and from (2.11) that the last coefficient is related to det A:
det A = 1/4! {3(trA?%)? — 3! rA%}
It will be convenient to introduce the two invariant expressions
U= [-£il2 + (f}14 + fH2)12 (5.6)
V=[=A12 - (fi4 + DA (5.7
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They will turn up as the angles, real or imaginary, parametrizing the finite
transformations. The values V = 0 and U = { will represent a pure boost;
U = 0 and V = iw, a pure rotation. The four roots of the secular equation
are found to be Ay, = *U and A4 = £V,

The finite transformation will be

AMw, §) = e = MZ, + eMZ, + M7, + MZ,
=(Z; + Zy) cosh U + (Z, — Z,) sinh U
+(Z; +Z)coshV+ (Z; — Z)sinh V (5.8)
The projectors (3.5) become

_A+U)A? -V (A — U)A? - V)

Z=Spwr=vy ¢ 2T Tanwr-n
L ATVA-U) o (A-VA -1
3 2V(VE - U? 4 2V(V2 - U?)

It is then a matter of simple substitution to arrive at

Ao, §) = m {[A2UV — TUV?] cosh U + [A’V — AV?] sinh U
+ [AU? — A%U] sinh V + [IU3V — A’UV] cosh V} (5.9)

We have delayed the presentation of the necessary powers of A. Their
computation is easier if we start by writing the entries in (5.3) as

Awp = —[Ba0dsili + 8, (Bpoli + dpj€juep)] (.10)

witha, b, ... =0,1,2,3 and i, j, k = 1, 2, 3. This kind of notation is
extremely convenient for explicit calculations. Furthermore, to get compact
forms, it will be necessary to introduce a few objects: the vectors

Q=wX{

C = (0~ Do + Co) = fio + £

D = (0 - IO - Co)e = fil — fro

X =V + oo =VH+ fLo

Y=U%+ (oo =U%+ fo

W = Ve — i

Z=U —fil (5.11)
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and the bilinear
The powers of A will then have the entries

A2y = 8,08500% + 8,085 Qi + 8,85 L; — 8,:0400; (5.13)
A}y = 8,00,D; + 3,8,0D; + 8,0€5C, (5.14)

We check immediately that trA®> = 0, as expected, and find also trA? =
2((% — w? and wA* = 4[w-{)*> + 2(L*> — w?? The entries of (5.9) are then

T
+ A,[U3 sinh V — V3 sinh U]

+ A%[UV cosh U — UV cosh V]

+ A2, [V sinh U — U sinh V]} (5.15)

A, O)gp = (D) = {I,[U3V cosh V — UV?3 cosh U]

The result of substituting the powers is

2 V2 2 g2
(eMap = 8,,08;;0{5—2_—‘/—2 cosh U + IIJJT—.V cosh V}

X; sinhV Y, sinhU
" 8“"8”"{02 -V vV UP-Vv? U

_ EEQ—'—VZ (cosh V — cosh U)}
X; sinhV Y sinhU
* 8“"8"0{U2 -V Vv Ur-v: U
O;
+ -l—/—z—_—v—z (COSh V — cosh U)

L; — 8,"V2 L," - 8,"U2
+ 8,0 {—2’]?"/5- cosh U — —I’J—Z:?- cosh V

W, sinhV Z, sinhU
+ eijkl:UZ —_v2 v - U2-v2 [ ]} (5.16)
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The general Lorentz transformation will thus have the matrix form
1

= oA —
A((ﬂ,g)"e - Uz_ V2
({2 ~ V¥coshU sinhV _ _ sinhl/ sichV _ . sinhU sinhV _ . sinhU
+ (U? - coshV 7 Ry 7
~ Qi(coshV — coshl) — Qx(coshV ~ coshl)) — @s(coshV —~ coshl/)
x, SnY -, sinhy (coshU — coshV)L; {coshU - coshV)Ly, (coshU — coshV)Ly3
\4 ~ VicoshU + UcoshV sinhl/ _ sinh sinhl  sinhV
+ Q\(coshV ~ coshl) + - v o)y — v v (C-w)E,
+ (VsinhV - UsinhU)w; — (VsinhV — Usinhl)o,
*1 . sinhV sinhl (coshU — coshV)L;, (coshU — coshV)Ly, (coshU — sinhV)Ly
X, 5 Y, T sinhU  sinhV ~ VZcoshlU + UZcoshV 4 (sinhU _ sinhV’ (o)t
+ OgeoshV - coshly o v JEWk U v !
— (VsinhV ~ Usinhl/)ay + (VsinhV — UsinhU)w,
. . (coshl — coshV)L,; (coshl/ — coshV)Ly, (cosh¥ — coshV)Ls,
hv h
3= - n?-'i'u—u o (SORY _ shVN (kY i) Vieosh + UlcoshV
+ Qy(coshV — coshU) u v ? 4 v '
+ (VsinhV ~ UsinhU)w, ~ (VsinhV - UsinhU)o,

517

We should be attentive to the limit cases, as the simple version of the method
given here could fail if some eigenvalues become identical. It is enough to
be careful. In the limit toward the identity, we find that for U and V small,
the terms behave as they should: the diagonal terms as A;; — 1 + {%/2;
Ay = 1 + (L, — 0?)/2; the off diagonal terms as A, — (Q,/2 — {,); etc.
We find just pure rotation for. { = 0, and the usual expression (Jackson,
1975) for a general pure boost when w = 0.

6. POINCARE TRANSFORMATIONS

The inhomogeneous Lorentz transformation will have much in common
with the homogeneous Lorentz case, but also some significant differences,
stemming mainly from an extra (vanishing) root in the characteristic polyno-
mial. In terms of the rotation w, boost rapidities {, space translation parameters
a = (a,, a4, a3), and time translation parameter aj, the basic algebra element
will be

0 & L -G oa

—Cl 0 w3 (0153 a,
A=|-0L 0 -0 @ 6.1
—CS W, (] 0 as

0 0 0 0 0

The characteristic polynomial will have two vanishing coefficients and
can be conveniently written in the form

A+ N —fEN=0 (6.2)
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which should be compared to (5.4). The two invariants are f; = w?> — {? and
F = o - §, the same as for the Lorentz case. Of the roots, four are also the
same, just those of (5.6), (5.7):

AN o= =N =U=[-£i/2 + (f}/4 + P2
A= - =V =[=fil2 - (f1/4 + f})""? (6.3)
There is, however, an extra root,
Ao =0 (6.4)
In terms of the eigenprojectors, the general group element will be
g=€2Z+eYZ + e VZ, + €"Z; + e7VZ,
=Zp + sinh U(Z, — Z,) + cosh U(Z, + Z,)
+ sinh V(Z; — Z,) + cosh V(Z; + Z,) 6.5)

Taking into account the relationship between the roots and choosing conve-
nient denominators, the projectors become

A — AU + VD)

Zy=1+ U2

7 = A%V? + A3UV? — AZV4 — AUV?
! 2UVYU — V?)

z, - AYV? — A3UV? — A2V + AUV

20VHU? — V?)
z, = —AYU? + A2U* — AUV + AUV
2UVYU? - V?)

7 = —A*U? + A2U* + A3UV — AUYY

=

UV U? - VY
In terms of powers of A, the general group element will be

At — A U? + V?)

g=1+ T
1 A3 — AV?Z | A% — A?V2
Ui v? { U sinh U + e cosh U
2 _ A3 2772 _ A4
+ éLV;A— sinh V + MVTé— cosh V} (6.6)
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with entries

1 . .
m {{U*V sinh V — UV%inh UJA,,
+ [U%osh V — V4cosh U — (U* — VH]AZ,
+ [UV?inh U — U?V sinh V]A3,

+ [(U* =V} + V2 cosh U — U? cosh V]AS, 6.7

8ab = Lap +

We now need detailed expressions of the powers of A. The entries in
(6.1) are

Ag = =000, L — 84i(Dpoli + Bpi€uwy) + Bupdpaag + 8,8pa; (6.8)

withnowa, b,...=0,1,2,3,4and i, j, k, = 1, 2, 3. Using (5.11)-(5.12)
plus the vectors

P=wXa—ay

K=-0’a+(a-wo-+ @)~ aqQ

M=aXC+ gD (6.9)
the powers of A will have the matrix elements
A2y = 8,050l + 8,006 Q; — 8,005 * @ + 8,0 Ly + 8,054P; — 8,0400;
Adp = 8,005:D; — 8,00pal * P + 8,:840D; + 8,8,4K; + 8,:0,€4C
A = —8u00u0L + D — 8,00if1Qi + Bo0dped + D + 8,844 M;

+ 3adu0 fiQi + 8uidy[8;f3 — fiLy) (6.10)

In matrix form, they are

e o O 0 —al
-0 Ly Lp L P,

A?2=| -0 Lpn Ln Ly P, |;
=@y Ly Ly Ly P
0 0 0 0 0
O Dl D2 D3 “{'P
Dl 0 C3 “Cz Kl
Al=|D, -G 0 G K (6.11)

D3 C2 - Cl 0 K3
0 0 0 0 0
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f% - flC2 —HOh -hHQ2 —fH0Qs a-D
fiQ f3— filn =fili —fiLy3 M,
At = hHQ2 ~fili,  f3—filn —fily M,
HiQs —filis —fils  f3-filss Ms
0 0 0 0 0

It is easily checked that, as expected from (2.18), trA2 = —2f, and trA* =
2U? = 2f1 + 4132,

Computation of the generic Poincaré group matrix element now can be
made from (6.7). Direct calculation yields the rather awkward general form.
We can, however, use identities such as U? + V2 = —f; and U%V? =
—f3, as well as the definitions of the various vectors, to get simpler expres-
sions. We find identities like (U%? + V3> + (D — U*V2=0; VX + D
=-Y,U+D=-X;VZo - C=W — fio; C — V0 = fiw — Z;
etc. There are many different, though equivalent expressions for the entries.
One of the simplest is the following:

8ab = O440p4

1
+ —
(U? — Vi)UV?

+ 8,09, [X; UV sinh V — Y;UV? sinh U + U?V?Q;(cosh U — cosh V)]

{8400m0[(L2 — VHU?V2 cosh U — ({2 — UHU?V? cosh V]

+ 8,8,0[X; UV sinh V — Y;UV? sinh U — U?V?2Q;(cosh U — cosh V)]

+ 3,0pl(K; — V2a)UV?sinh U + (U?%a; — K;)U?V sinh V

+ (U?P; — M)U? cosh V

— (V*P; — M))V?cosh U + (U? — VM, + fiP)]

+ 8.00pal(U%ag + £+ PMU?Vsinh V — (V?ay + £ - P)UV? sinh U

+ a+ (XU2cosh V— YV2cosh U — f,(U? — VHw)]

+ 80y [(UL; + 8,f)V? cosh U — (VL + 8,/)U? cosh V

— € ZUV? sinh U + €W, U?V sinh V]} 6.12)

The entries in common are exactly those in (5.16). Here we arrive at a
limitation of the method. Proceeding as described, we do obtain the generic
group element as the exponential of the generic algebra member, but the
result is very complicated. The (space and time) translation parameters appear
mixed in a very cumbersome way. A detailed examination of the Galilei case
shows the reason for that. There, direct exponentiation is feasible, and the
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study of the order-by-order effects of one transformation on the other shows
how, at each order, the parameters of one transformation are modified by the
other transformations. The result is not interesting, as the usual parametriza-
tions are much simpler. Recall that there are two possible simple parametriza-
tions for semidirect products like the Euclidean and the Poincaré groups.
This is due to the fact that a general transformation is the product of a rotation
(in 3-space or in spacetime, respectively) by a translation (idem), and that
this product can be chosen to be done in the inverse order, a translation by
a rotation. An inhomogeneous Lorentz transformation P = (Z,a) can be given
either by x' = L(x + a) or by x’ = Lx + a. In the first case translations are
performed first and homogeneous Lorentz transformations will act also on
them. The latter is the more usual parametrization,

Aw Ao Ap Ap a

A Au A As a
g@a)=|An Ay An An a (6.13)

Ay Ay An Az as

0 0 0 0 1

where A(w, {) indicates the matrix (5.17). We can obtain it from the exponenti-
ated algebra member, but a fairly involved redefinition of the parameters is
necessary. The idea will be shown in case of the Galilei group, which is, in
this particular aspect, simpler.

7. THE GALILEI GROUP

The application of the method of matrix functions is, for the Galilei
group, far more complicated: the matrix representing the algebra member
has coincident eigenvalues. With the rotation angles collected as above in
the vector ® = (w,, », ,w3), velocity v, space translation parameters a =
(a), a3, a3) and time translation parameter ay, the generic member of the
Galilei algebra is

0 0 0 0 Qy

-V 0 —w3 W, a4
A=[{-v o 0 -0 a (7.1
—V3 —wy (O] 0 as

0 0 0 0 0

Notice det A = 0, trA = 0, from which we expect s = 0 and ¢, = O. The
characteristic polynomial will be det]\] — A] = N(\? + ?), so that the
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whole list of expected invariants is @y = 1; ¢ = 0; ¢, = % @3 = 0;
¢4 = 0; s = 0. The secular equation

NN+ 0d)=0 (71.2)

has the roots Ay = A, = A3 = 0; Ay = +io, and As; = —iw. There is only
one invariant, the same w? of the rotation subgroup. The Cayley~Hamilton
theorem gives here very simple expressions for the higher powers, A5 =
—?A3, etc, so that it is actually very easy to get the generic group element
G (w, v, a) = exp[A] by direct exponentiation. We shall, however, use this case
to illustrate the general method, taking into the account the triple eigenvalue
degeneracy. The expression (3.10) takes the form

F@A) F(\) F'M) F'(\) FQ) FQhs)

o 0 0 1 1
A 0 1 0 N A
A2 0 0 2 N n (=0 03
A* 0 0 o N AN
A* 0 0 0 M A

Putting in the values of interest for us, it becomes

e 1 1 1 el g
I 1 0 0 1 1
A 0 1 0O iw —iw
A2 0 0 2 _ 0.)2 _ (.02 =0 (74)
A 0 0 0 —-in® i
A* 0 0 0 o o*

Taking the coefficients in the expansion along the first row, we find the
operators taking the places of would-be projectors:

A? A? A? A?
Zl()=1—'u‘;4", Z“:A(I'FE); le=—2‘(1+;)5)

Z, and Zs are real projectors, idempotents and annihilating each other. But
Zo, Z,;, and Z;, are not. They satisfy the relations Z,Z,, = 0, ZsZ,; = 0,
Z% = Zyp, and Zyy + Z, + Zs = 1. But they fail to satisfy the other necessary
relations to be projectors. Thus, for example, Z,oZ,, = Z,y, Z;0Zi; = Zy»,
Zule = (, Z%z = (), etc.
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Expanding the formal determinant along the first column, we obtain

2 4/ 9 3
AT+ A+ (ALt cosw—1)+[A) @ -sinw) (75
2 w/\2 )

In order to display the powers of A, it will be convenient to define, besides
the unit u = w/lwl, the 3-vectors q = ®» X v; p = w X a. We shall also
use, for the vectors parallel and transversal to u, the notations al = (a - u)u,
vl = (v-uuand at =a — (a- up, v = v — (v - u)u, respectively. Then,
always labeling “0” the first row and column, we have, fora, » = 0, 1, 2,
3,4,

0 0 0 0 0
-q —0}— 0} @107 W03 P~ agvy
A?=| —q 01w —of — o} w3 P2 — Gov2
k] w;w3 w03 —of — @} p3—ag
0 0 0 0 0
(7.6)
We sce that rA? = —2w?, coherent with ¢, = w?. We find next
0 0 0 0 0
vi 0 w3 ~w, —ai ~ (aplwdq
Al=0} vy —w3 O o —az ~ (ap/o?q, .7
vi w; T 0 —a3 — (ag/w?)qs
0 0 0 0 0
0 0 0 0 0
@ o' — o -oo —ww; AVt —py
At=0 @ oo 0 -] -0 Vi —p| (7.8)
q3 —ow; ~—mw; 0’ — o ayvi —p;
0 0 0 0 0

We find the expected results trA> = 0 and trA* = 2w*, consistent with
¢4 = 0. It is convenient, both to perform the calculations and to exhibit the
resulting large matrices, to display the matrix elements in the forms

Ay = D00paa0 T 8,i[0paa; — Dpovi — Opi€int]
AL, = —8,[Bpaagv; — pi) + Bpogi + 8,307 — w;w;)]

A
A= aaiwz{_sm['u? g; + af ] + Byovi + Sbjeijkwk}
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1 4 X .
A3, = 8m_m“{sm[aov, (a w),] + Sbo(u X v

w?

) + Sbj(Su - uiuj)}

The Galilei group element comes out then as
[e*]us = B.00p0 + 8uadpy + Suodpadg + 8,0, R;;

" 8‘"’{8”“[3? - o +ar SO (g oy 030 1
: o
+@(VX“)1 [1 - smm] +a02, (cos o — 1)]
o ® "
_ Sbo[vl! - (v X u), l-cosw yi St m]} 79
1] ® ®

where R;; are the rotation group entries,

R,’j = 8,1 - e,-jkuksin o + (uiuj - 8,])(1 — COS (.0)

Both the translation sector and the Galilean boosts are very complicated.
The relation with the usual parametrization is seen if we redefine new parame-
ters as a; = (eMy and v] = — (). Only then will the Galilei group ele-

ment take the usual form

1 0 0 0 a
—vi Ru Ry Ry 4
G v,a)=|—v: Ry Rn Ry a (7.10)
-Vvi Ry Ry Ry a
0 0 0 0 1

The effect of exponentiation is analogous to what we have found in the
Poincaré case: the translation and velocity parameters we started with get all
mixed up. Another way to obtain the expressions for the Galilei group is by
the Inonii-Wigner contraction (Gilmore, 1974) of the Poincaré result. This
would need a previous preparation of the matrices, with some extra factors
of ¢ and 1/c. It is simpler to start from another parameterization of the
Poincaré algebra element: instead of (6.1), we take A changed by a similarity
transformation, SAS~!, with § = diag(l, , ¢, c, 1):

0 —ilc —Glc —CGlc a

—CCI 0 —Ww3 w7 ca
A=|-cla 0 ~w;  ca, (7.11)
—C€3 —Wwy W, 0 cas

0 0 0 0 0
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This corresponds to dividing the entries (0k) of A by ¢ and multiplying the
entries (k0) by c. All the powers of A and the exponential itself will acquire
the same factors in the corresponding entries. The result for the Galilei group
comes by taking the limit ¢ — %, though, as usual in the contraction procedure,
the translation parameters must absorb a factor ¢ in the limit.

8. FINAL COMMENTS

To arrive at the exponentials, we could use directly equations (3.3) and
(3.5) and ignore the treatment involving the characteristic polynomial and
symmetric functions, leading to closed expressions for the projectors. That
discussion provides, however, a deeper insight into the whole subject, in
particular showing how the generalized boost and rotation angles are invariant.
The method requires the knowledge of the roots of the characteristic polyno-
mial. The approach also throws a bridge toward the tantalizing recent resuits
on the relationship between invariant polynomials and von Neumann algebras
(Jones, 1991). We have taken as granted that functions of matrices, as long
as they can be defined, are completely determined by their spectra. This is
justified in a much more general context. Matrix algebras are very particular
kinds of von Neumann algebras and it is a very strong result of the theory
of Banach algebras (Kirillov, 1974; Bratelli and Robinson, 1979) that func-
tions on such spaces, as long as they are defined, are indeed fixed by the
spectra.
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Appendix. SYMMETRIC FUNCTIONS

A symmetric function (Littlewood, 1950; Comtet, 1974; MacDonald,
1979) in N variables x;, x,, X3, . . . , Xy is a polynomial F(x,, x5, x3, . . . , Xy)
which is invariant under any permutation of the x;. Their main properties are
listed in here. The variables may be called “letters” and we shall indicate
them collectively by x. This set x = {x;, x, X3, ..., xy} is called, naturally
enough, the “alphabet” and a monomial is a “word.” A symmetric function
in N variables F(x,, x5, X3, . . ., Xy) = F(X) can be written as sum of words,

F(x) = > X0 X L X (A.1)
{ni,n2,n3, ... Liin, .03, ..., iN}
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Only two kinds of such functions will interest us:
(i) The jth elementary symmetric function a;, the sum of all distinct
words with j distinct letters:

g;[x] = ZMxx; ... x; (A.2)
As examples, we have
gix] =x, +x, +x3 + 0+
OxX] = xpxp + xx3 + o F Xy o XXy XX oo e 4 Xy xy
oNX] = xXoX3 ... Xy~ XN

When the x; are the eigenvalues of an NXN matrix A, clearly oy[x] = det A.
(ii) The kth power-sum symmetric function
N
silx] = 21 xb= )+ 0k + () + o+ (et (A.3)
=
When the x; are the eigenvalues of A, 5;[x] is clearly the trace of A*. These
symmetric functions have the generating functions

N N
P(x), ) = %Gj[x]tj = H, (1 + x0) (A4)
= J=
and
N . N
W([x], 1) = 21 50 =[xl = 507" (A.5)
= =

with oy = 1 by convention. The so-called fundamental theorem of the symmet-
ric functions says that the g, are algebraically independent. This means that,
up to a constant, and for N — o, a general formal series f(f) can be seen as
the generating function P ([x], ) with a convenient choice of the alphabet x.
There are two relationships (offsprings of the obvious relation {([x], 1) =
— (d/dt) In P([x], — ©), inverse to each other, between the functions above:

J
o)lx] = }, 3 Bl (7~ D! sixl) (A6)
-yt

=D 2, ) im = D! Bu{klox]) (A7)

Comparing (A.6) with (2.10), we see that the invariants ¢; are (up to eventual
signs) nothing more than symmetric functions of the eigenvalue alphabet A =
Sp A = {A, Ay, A3, ..., Ay} of the generic Lie algebra member:

¢;[A] = (=) a;IN] (A.8)

sax] =



3048 Aldrovandi, Barbosa, and Freitas

With (A.7), we have, so to say, completed a circle: the s,[x] are just the
original powers of traces. It is interesting to consider simultaneously two

related alphabets. Take x = {x, x5, X3, . . ., xy} as above and call its “recipro-
cal” the alphabet x* = {x¥, x% x%, ..., x¥}, where each x*¥ = — 1/x;
Notice that x}* = x;. The o} of these alphabets are related by

(=) on-;[xX] = onlx]o;[x*¥] (A9)
The various forms of a general polynomial of roots x,, x,, x3, . . ., Xy can be

summed up in
N . N ) N ) )
P = byt = (—)oux] 3 oj[x¥t/ = Y, (=) o;[x]eV
=0 Jj=0 j=0
N _ . N
= 20 (W oy X1 = (—)Vopx] nl (I +xFo
j= j=
N
= (—)oulx] I—[l (1 — thxp)
=
N N
=[le-x=PO]0-1tx (A.10)
= =
the latter being Weierstrass’ expression for a polynomial in terms of its zeros.

In the main text we make a particular use of the relation

N

(xj — 1) = op[x] D, o;[x*]t/ (A.11)

=0

—1

il
-

J

In the above expressions, the highest order coefficient is b, = 1 and the
independent term is by = P(0) = (—)Vo,[x]. The general Vieta relation
between the coefficients and the roots of a polynomial comes out immediately:

r

b= (o =L S Bk - Disax) A1)

m=0

We are of course concerned here with the classical case of commuting
alphabets. Recent research on quantum groups and related symmetric func-
tions of noncommutative variables (Gelfand et al., 1994; Gelfand and Ketakh,
1995) has called attention to the interest of having closed forms like those
above, even for the classical case. Let now o7;[x] be the sum of all j-products
of the alphabet x, but excluding the letter x;. For example, oy[x] = TTIY,; x;.
We put by convention o, = 1 and find that
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k

k
oulx] = 20 (—Pxfor[x] = > (—x Y7 oylx] (A.13)
=

j=0
In the absence of the ith letter, (A.11) becomes
N

N N k
[T & -1 =omix] kEO ou[x*1t* = op[x] kzo 20 (—x)* 7o [x*]t*
< < -

j=Lj#i
Using (A.9), we obtain
N . Nk
[T &5-n= Inilx] > (—x) oy [x]t* (A.14)
J=ligi onlx] i=o /<o

The projector Z; for a matrix A with eigenvalues forming the alphabet A =
{A1» A2s . .., Ay} can then be written as the ratio of two such polynomials,
with variable t = A and ¢t = \;

N N &
Mo a2 OaNIAS 3 S M At
zA1= [] k = k=0 _ k=0,=0
' k=lk#i Ng — N N N =n
S oMY Y (W)Yo
n=0 n=0 j=0
N & k
25,%" (=Y oy [NAF % ;o" “*on—i[A]

N n N Ak (A.15)
k=0 .
2 2 (=NYoy A > > Nen-ilAl

n=0 j= n=0 j=0

[=]
[=]
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